Abstract The paper introduces the analytical modification of the classic boundary integral equation (BIE) for Stokes equation in 3D. The performed modification allows us to obtain separation of the approximation boundary shape from the approximation of the boundary functions. As a result, the equations, called the parametric integral equation system (PIES) with formal separation between the boundary geometry and the boundary functions, are obtained. It enables us to independently choose the most convenient methods of boundary geometry modeling depending on its complexity without any intrusion into the approximation of boundary functions and vice versa. Furthermore, we investigated the possibility of the modeling of the domains bounded by rectangular and triangular parametric Bézier patches. The boundary functions are approximated by generalized Chebyshev series. In addition, numerical techniques for solving the obtained PIES have been developed. The effectiveness of the presented strategy for boundary representation by surface patches in connection with PIES has been studied in numerical examples.
Introduction
The Stokes equation governs the motion of fluids where advective inertial forces are small compared with viscous forces [1] [2] [3] [4] [5] . In order to numerically solve this equation, in addition to the finite element method (FEM) [6] [7] [8] and meshless methods [9] [10] [11] [12] [13] , another popular computational method -the boundary element method (BEM) [14] [15] [16] [17] [18] is naturally predisposed, where only the discretization of the boundary in the contact between the solid body and the fluid is required. Unfortunately, taking into account the specificity of BEM, the solutions on the boundary are directly obtained in discrete form at declared nodes of boundary elements. Furthermore, the improvement of accuracy in BEM is achieved through increasing the number of used elements or introducing higher-order elements. Hence, it requires multiple building of the element mesh structure with an increasing number of nodes. This seems to be particularly ineffective in the case of 3D problems, where a large number of elements may be redundant from the viewpoint of the accuracy of the boundary shape description.
In order to eliminate the above-mentioned limitations of the elements methods, an alternative approach for solving boundary value problems, which is called the parametric integral equation system (PIES), has been proposed. The concept of PIES provides a formal separation between boundary shape representation and approximation of the boundary values. In other words, it enables us to independently choose the most convenient methods for the boundary representation depending on its shape complexity without any intrusion into the approximation of boundary functions and vice versa. Furthermore, the above separation allows to eliminate in PIES the necessity for both boundary and domain discretization and introduces a new and more effective way to represent the shape of the boundary by the tools used for computer visualization of 3D objects, such as parametric surface patches. At the same time, it is possible to directly incorporate such patches into the mathematical formula of PIES used to solve boundary value problems [19] -only the control points necessary to define the shape of the boundary in the proposed approach, and their number depends on the complexity of the considered shape. This approach is different from the recently popular isogeometric analysis [20] [21] [22] , because in PIES, the patches are applied at the level of analytical modification of boundary integral equation (BIE) .
Previous research about the practical application of boundary representation by parametric surfaces in PIES in the case of 3D problems are concerned mainly with the boundary problems described by Laplace [23, 24] and Helmholtz [25] equations. Only preliminary studies for Stokes flow have so far been carried out and have been limited to boundaries described by flat Coons patches [26] .
The main purpose of this paper is to present the modification of the classical BIE for the Stokes equations in 3D in order to analytically incorporate into its mathematical formalism the boundary representation with parametric patches. The performed modification allows us to obtain formal separation of the approximation boundary shape from the approximation of the boundary functions for the Stokes equation. Furthermore, we investigated the possibility of the modeling of the domains bounded by rectangular and triangular parametric Bézier patches. The shape of the boundary is, in this case, described by a limited and relatively small set of control points of the patches. In turn, the boundary functions on an individual Bézier will be approximated by the Chebyshev series. In this case, improving the accuracy of numerical solutions in PIES is reduced to the increase of the number of terms in the Chebyshev series. Additionally, we propose a method for the numerical solution of the obtained PIES and solve several testing examples in order to verify the reliability of the analytical modification of BIE and the accuracy of the obtained solutions.
The strategy of boundary representation for flow problems
The boundary problems or boundary-initial problems require the consideration of the domain where the problems are defined. In the case of the FEM, the domain of the problem is modeled by finite elements, while in the case of the BEM, only the boundary of the considered domain is described by boundary elements. These elements, due to their elementary shape, allow for modeling different domains and boundaries and their number has a direct impact on the accuracy of the solutions.
However, regardless of the popularity of FEM and BEM, it is advisable to search for more efficient ways for domain and boundary description in boundary value problems. It seems to be interesting to model the boundary of the problem with tools from computer graphics, for example by parametric surfaces. Figure 1a shows the sample boundary modeled by eight triangular Bézier patches. To define the boundary, only the control points of triangular Bézier patches are used. In this case, the process of modification of the boundary shape is very simple, which is reduced to changing the position of one or more selected control points, as is shown in Fig. 1b . The modified domain is still modeled by eight patches.
The advantages of surface patches were also noticed by the researchers dealing with MEB, but they used them mainly as the representation of boundary elements that divided the boundary. These elements, however, due to the concepts of BEM, would be significantly more in number than the patches shown in Fig. 1 . Moreover, the modification of such a boundary requires their rediscretization In addition, considering the patches as boundary elements significantly reduces their advantages such as automatically providing the appropriate class of continuity on the edges of their intersection. This continuity is also automatically provided during the modification of the domain, as shown in Fig. 1b .
The present contribution aims to fully exploit the advantages of the patches by using a different strategy than in BEM. The strategy is not based on dividing the boundary into elements as in BIE, but on analytical modification of BIE to directly apply the way of boundary representation by the surface patches shown in Fig. 1 . In other words, we want to incorporate the equations describing the surface patches into BIE in order to define the boundary, instead of generally defining the boundary as a symbol of a boundary integral as is preformed into classical BIE. Such a definition of the boundary by a symbol of a boundary integral requires their dividing into elements during numerical solving of BIE.
The basic equations describing the surface patches used for the presented modification of classical BIE in Section 3 are presented below. In this way, it is possible to declare both flat as well as curved surfaces.
Rectangular Bézier patches
Rectangular Bézier patch is defined by a set of (n + 1)(m + 1) control points P ij (where 0 ≤ i ≤ n and 0 ≤ j ≤ m) and is written as follows [27] 
where B m i (v), B n j (w) are Bernstein basis functions written in the form analogous for Bézier curves Figure 2 shows the patch of degree 3 created by 16 control points. The matrix form of the Bézier patch of degree 3 takes the following form
P 00 P 01 P 02 P 03 P 10 P 11 P 12 P 13 P 20 P 21 P 22 P 23
The main advantage of Bézier patches is the simplicity of defining and modifying surface with help of only control points. Examples of such modifications are shown in Fig. 3b . 
Triangular Bézier patches and their rational modification
A triangular Bézier patch of degree n is defined by a set of 0.5(n + 1)(n + 2) control points P ij k wherein indexes i, j, k must satisfy the following relationship i +j +k = n. The mathematical formulation of such a patch is dependent upon the barycentric coordinates u = (v, w, u) inside the triangle and presented as [27] wherein B n ij k (u) are the basis functions stated as follows Figure 4 shows triangular patches of degrees 3 and 4 defined by 10 and 15 control points, respectively. For exact representation of the sphere, we need to use the rational modification of triangular patches. The rational Bézier patch is expresses by the following formula [27] 
In relation to formula (4), it also contains the weights w ij k associated with each control point P ij k . Bernstein basis functions B n ij k (u)are described by formula (5) . (4) and (6) and introducing additional constraints 0 ≤ v, w ≤ 1 and v + w ≤ 1, we can obtain a more convenient mathematical representation of such patches dependent only on two parameters v, w, which allows for a unified mathematical description for both rectangular and triangular surfaces in PIES. The rational patches are used for exact representation of the sphere in Examples 2 and 3 in Section 7. As shown in Fig. 5 , the sphere can be modeled by eight symmetrical patches of degree 4.
The single triangular patch which approximates one eight of the sphere of radius 1 with the center at the origin is defined by 15 control points with the following coordinates (placed in the first quadrant of Cartesian coordinates) [27] P 004 {0, 1, 0} P 013 {α, 1, 0} P 022 {β, β, 0} P 031 {1, α, 0} P 040 {1, 0, 0}
where α = (
, with corresponding weights
(8) The declaration of the full sphere requires to define 66 control points.
Modification of BIE for the Stokes equation in 3D
We consider 3D Stokes problem defined on domain bounded by boundary D. Boundary integral equation (BIE) for the Stokes equation can be represented by the integral identity [28] 
In identity (9) , the integrand U * ij (x, y) i, j = 1, 2, 3 is known as the fundamental solution for the Stokes equation and is represented by the following formula [28] .
where μ is the dynamic viscosity and δ ij is the Kronecker symbol, whereas
In physical meaning, U ij (x, y) can be interpreted as ith velocity component at x due to unit force in the j direction applied at y. In turn, T ij k (x, y) i, j, k = 1, 2, 3 in (9) is the classical singular solution represented by traction kernels written as follows
The value ofū j (x) depends on the location of x andū j (x) = u j (x) for x ∈ , u j (x) = 0.5u j (x) for x ∈ S,ū j (x) = 0 for x / ∈¯ . If x ∈ S, then formula (9) is the classical BIE for smooth boundary. Boundary functions u i (y), f i (y) in (9) in physical interpretation represent the distribution of the velocity and the normal traction fields on the boundaryD, respectively.
The accuracy of the solutions in the domain depends upon two factors: (1) the accuracy of the approximation of the boundary functions on the boundary and (2) the accuracy of the approximation of the shape of the boundary geometry. Hence, it seems reasonable to modify the traditional BIE in such a way as to obtain an independent boundary shape approximation from the approximation of the unknown functions in the numerical solution. In other words, it enables us to independently choose the most convenient methods of boundary geometry modeling depending on its complexity and also most convenient methods for the approximation of the boundary functions.
Due to the above, we take up the analytical modification of BIE first so that the boundary geometry is not defined by the boundary integral, but is included in the mathematical formalism of the expression obtained after the modification of BIE.
Fourier transformation of the integral identity
The modification of generalized integral identity (9) for 3D is more complex than the one obtained for the potential problems modeled by Laplace's equation [23] . To do that, we need to apply the Fourier transform to identity (9) . As a result, we obtain
, where and S are the domains of the Fourier transforms for and S, respectively. In turn,Û ji (iξ, y) is the transform of the fundamental solution, whereas T ij k (iξ , y) is the transform of the singular solution in the domain of the Fourier transforms for the Stokes equation presented in the form
where
After substituting (14) and (15) into (13), we obtain the following form of the Fourier transforms in the domain
where boundary functionsf i (ξ ) andũ iñk (ξ ), k = 1, 2, 3 are represented by means of the following boundary integrals
We can see the separation of the boundary from the domain in (18) . The boundary is defined by the formalism of boundary integrals (19) and (20) .
In our further considerations, the integral (20) is used to describe the transformationũ iñk (ξ ) on the boundary S. The unknown identity function u i (y) in (20) can be defined by means of the following Fourier formula
where integrandû i (ω) is written aŝ
Formula (22) is the particular case of the transform (18) for a smooth boundary. Therefore, formula (22) is related to variable ω.
The definition of the smooth contour integral by surface patches
After including (21) in (20), we obtain the convolution integral equation in the domain of the Fourier transform
where the kernel is
(24) The contour integral in (24) takes into consideration the boundary geometry S. For a further transformation of the above analytical formulas, we need to specify the boundary S. We assume that the boundary is defined with a finite number of curved surfaces S l (l = 1, 2, ..., n). They can be described by parametric patches from computer graphics [19] as presented during analytical modification of BIE.
Therefore, having considered the boundary geometry defined by surface patches in kernel (24), we obtain
The boundary transformsũ iñk (ξ ) occurring on the left-hand side of (23) may be represented in the following form
We mark the boundary transformsf j (ω) andũ jñk (ω) on individual patches on the right-hand side of (22)
After substituting (29), (28), and (25) into (23), we obtain the following system of the convolution integral equations
Parametric patches for definition of the contour integrals
Next, we assume that patches P l (v 1 , w 1 ) are mathematically defined by the parametric functions
l (v 1 , w 1 )] T , with parameters v 1 , w 1 . Hence, these functions must be taken into account in boundary transforms (26) , (27) , and (29) , in which the boundary is still defined in a general way by means of segmental contour integrals over P l .
The kernel (26) for the boundary defined by parametric patches is described by the following formula
while the integral (28) in the following form
wherev l−1 ,v l ,w l−1 ,w l are, respectively, the beginning and ending of the interval of the domain (indexed by l) with parameters v 1 , w 1 . Whereas integral functions 
Parametric Integral Equation System (PIES)
After applying the formulas for the inverse of the Fourier transform to (30) and the corresponding transformations, the following expression requiring further integration is obtained
After integrating both sides of (35) with respect to ξ and then to v 1 and w 1 and introducing some transformations, (35) , after simplifying the left and right sides, finally takes the form 0.5u
Further integration of the right side of (36) with respect to ω requires consideration of the integrandû (r) (ω) in explicit form. This function is represented by formula (31) in whichf 
where (v, w) [P (1) r (v, w), P (2) r (v, w), P (3) r (v, w)], and J r (v, w) is the Jacobian while n (r) k (v, w) is the normal vector. The Jacobian is determined for all patches considered in the paper by the following formula
Functions
r (v, w),P
r (v, w)] T written as
Formulas (39) and (40) are general and give the possibility of determining the Jacobian for any patches, not only for the ones presented in Section 2. The components of the normal vector are obtained using the following general formula
The normal vectors of the surface patches should be directed outward the domain. Surface patches are defined by only control points. The way of defining these points has impact on the direction of the normal vector. After substituting (37) and (38) into (31) and then the received expression in (36), we obtain the formula termed parametric integral equation system (PIES) in the following form 
where J r is the Jacobian. The kernels in (42) are represented by functionsŪ * lr andP * lr . PIES for 3D problems is formally defined on 2D parametric plane. Solution of (42) requires the calculation of integrals for functionsŪ * lr (v,w, v, w) andP * lr (v,w, v, w) . These integrals are formally defined within the ranges ν r−1 , w r−1 ≤ v, w ≤ ν r , w r . This definition of integration intervals in the PIES is to show that the patches are connected to each other in the corner points by intervals of integration. The edges of these patches are directly connected by means of suitably selected control points common to the adjacent patches. These points are directly included in the functions U * lr (v,w, v, w) (v,w, v, w 
Having calculated the integral (43), we obtain an expression in an explicit form, which due to its inclusion of the shape of boundary geometry in its formalism, is called a modified fundamental boundary solution for the Stokes equation
The second integrandP * lr (v 1 , w 1 , v, w) in (42) is represented by thē
After taking in (45) the integrand function (17) and integrating, we finally obtain
Kernels (46) and (44) allow including in their mathematical formalism the boundary shape generated by parametric patches l, r = 1, 2, 3, ..., n which are defined in Cartesian coordinates by the following relations 
r (v, w), P (2) r (v, w) are scalar components of the surface patches P r (v, w) = [P (1) r (v, w), P (2) r (v, w), P (2) r (v, w)] T and depend upon parameters v and w.
In PIES through indexes l, r = 1, 2, 3, ..., n, we take into account the appropriate relationships between the surfaces that define the boundary shape of the considered boundary problem. The relation between the patches modeling the closed boundary is written by a system of equations. In view of the fact that the unknowns in this system are functions over the patches, it is a system of integral equations.
We can note, that kernels (44) and (46) for the Stokes problem are identical as for the linear elastic problem for a perfectly incompressible material (Poisson's ratio ν = 0.5) [29] .
After solving PIES represented by the formula (42), we obtain the unknown functions f r (v, w) or u r (v, w) on the individual surface patches. PIES differs from classical BIE because in PIES the boundary is formally defined by surface patches. Therefore, PIES is physically defined not on the boundary as in BIE, but within parametric domain of these patches. This is due to the fact that modeling the boundary is done directly in PIES's kernels. They are called the fundamental and singular boundary solutions to distinguish them their classical fundamental and singular solutions, which are not include of the boundary. This advantage allows for the separation between approximation of the boundary shape and boundary functions. Thus, the approximation of solutions on the boundary is independent from the approximation of the boundary shape.
The integral identity for solutions in the domain
Having a solution on the boundary, we can obtain solutions in domain after appropriate adaptation of integral identity (18) , where variable ω is replaced by ξ and boundary integralsf j (ξ ) andũ jñk (ξ ) are represented by formulas (29) . Thus, we finally obtain (50) The first integrandÛ * r is calculated from the integral expression
r (v, w) − x 2 and
After taking integral function L ji (iξ ) in (16) and integrating, we finally obtain
witĥ
The integrandP * r in (50) is represented as followŝ
where individual elements are calculated by the following integral
Approximation of integral identity is described in detail in Appendix C.
Approximation of the boundary functions by Lagrange polynomials
The shape of the boundary in the proposed approach is theoretically described by parametric surfaces, while mathematical formalism of PIES is defined in the parametric domain of these patches. The separation of the simultaneous approximation of the boundary shape from the approximation of the boundary functions creates the possibility to consider these problems independently. In order to solve PIES, we can use one of the methods dedicated for solving the classical singular integral equations. We should remember that firstly, we must define the boundary in PIES.
For 3D problems, as well as for problems 2D, solution of PIES is reduced to approximation of the boundary functions f r (v, w) 
where integrandsŪ * lr (ν,w, v, w) andP * lr (ν,w 1 , v, w) are represented by formulas (44) and (46). In order to numerically solve formula (56), the pseudospectral method is used [30] . The numerical procedure for solving PIES is described in detail in Appendix A.
Practical application of the method
The application of the proposed approach is illustrated by three numerical examples. We show how to represent the boundary by the surfaces described in Section 2 and compare the accuracy of the results with known analytical solutions. The L 2 error norm is used to study the accuracy of solutions
where ψ (k) represents a set of PIES solutions obtained at Ksample points, whileψ (k) are exact solutions. Singular and regular integrals are evaluated by Gaussian quadrature of order 40. Numerical evaluation of singular and regular integrals is described in detail in Appendix B.
Example 1
In the first example, we consider the Stokes equation inside a cubic domain with Dirichlet the boundary conditions given by the following functions [35] 
The above functions satisfy both the Stokes equation and represent the exact solution inside the domain. As shown in Fig. 6 , the boundary of the cube is described by eight corner points P i (i = 1 ... 8) that define six rectangular Bézier patches of degree 1. In Table 1 , the impact of the arrangement and number of collocation points per surface patch in pseudospectral method on the accuracy of solutions is examined. Two variants of arrangement of the collocation points were considered: uniform distribution and in accordance to the roots of the Chebyshev polynomials of the second kind.
The calculations have been repeated for four variants of number of collocation pointsn r = N × M varying from 9 to 36, which are related to the number of the approximation series in (55). We can observe low level of numerical errors, based on the L 2 norm, for all three components of the solutions, even for nine collocation points. It can be seen that the error norm is below 0.1% for all considered cases. Moreover, we notice that there is only a slight improvement in accuracy when the number of collocation points is increased from 16 to 25 and 36. The plots indicate smaller error for the Chebyshev distribution of collocation points when compared to uniform one. An exception here is the plot for u 3 component for 9 and 16 collocation points.
It should be noted that the relationship between the number of colocation points and the convergence of solutions is influenced by a number of factors such as evaluation of singular integrals. Moreover, when we increase the number of collocation points, the extreme points are located very close to the adjacent patch on which the integration is carried out, which may introduce the possibility of "quasi-singularity."
Another factor is the choice of method for solving PIES. Here, one of the simplest method called the pseudospectral method was used. Therefore, it is advisable to examine other methods for this purpose. The separation of approximations significantly simplifies the use of other methods to solve it.
Furthermore, to improve the rate of convergence, we also considered Richardson's extrapolation applied for sequence of results obtained previously for the uniform distribution of collocation points listed in column 4. The distance between collocation Table 1 The impact of the number and arrangement of collocation points per surface patch on the accuracy of solutions obtained for 20 evenly spaced points along the cross-section ( A the results extrapolated from the PIES solutions computed for uniform distribution of 9 and 16 collocation points B for uniform distribution of 9, 16, and 25 collocation points C for uniform distribution of 9, 16, 25, and 36 collocation points points is assumed as the extrapolation parameter. The results are shown in last column of Table 1 . A slight improvement in the accuracy of the solutions was obtained in relation to the solutions from PIES for components u 1 , u 2 and deterioration for component u 3 .
Example 2
In the next example, we examine the classical problem of the steady Stokes flow around a sphere. The exact analytical solution for velocity components u 1 , u 2 , u 3 of that flow generated by uniform parallel stream with velocity U 0 past the sphere of radius R is given by [1] 
The spherical boundary is exactly represented by eight symmetric rational Bézier patches shown in Fig. 5 . The coordinates of control points as well as associated weights are given by (7) and (8) .
In order to obtain numerical solution by the PIES method for the boundary defined by triangular patches, we need to pose collocation points. The collocation points posed over triangular patches are not defined as a Cartesian product of one dimensional grids of points. For this reason, we adjust the number of collocation points to the number of terms in the Chebyshev series (55) by their arbitrary choice. In the example, we analyzed nine variants of arbitrarily selected terms from the Chebyshev series (marked by letters from A to I, respectively) from the global set of 25 terms up to degree 4, as shown in Table 2 .
The results confirm the high accuracy of solutions with error norm L 2 in some cases at a level below e − 9. Note that such a small error is obtained with the assumed six collocation points per Bézier patch and for topologies A and B for terms in the approximation series (55). For more collocation points this error, is unfortunately increasing, but at a relatively small level.
In addition to the number of collocation points and associated terms in series (55), the impact on the accuracy of the solutions is also the arbitrary selection of degrees in the Chebyshev series. The arbitrary selection of components is due to the fact already is described in Appendix A, wherein the total number of collocation points Table 2 Variants of arbitrarily selected terms of the series (55) used in Examples 2 and 3
r (w) T (2) r (w) T (3) r (w) T (4) r (w)
Variants marked by (A-C) are associated with posed 6 collocation points per patch, (D-F) with 9 collation points, whereas (G-I) with 15 collocation points. All of them are used to obtain solutions of the problem presented in Table 3 , where we summarize the L 2 error norm of the PIES results for u 1 , u 2 , u 3 compared to the exact solutions given by (58) in 100 equally spaced points along the cross section (
in triangular patches is no longer a product of the number of rows and columns, as for rectangular patches. For this reason, it required adjustment to the total number of collocation points to the number of terms in series (55). This has been arbitrarily chosen with the symmetry of degrees of the Chebyshev polynomial used. It was noted that the stability of the results of the solutions also affects also the optimal distribution of collocation points in the triangular area.
Example 3
Finally, we consider the flow induced by rotating with respect to axis 0x 3 unit sphere with the following boundary conditions [13] u
The analytical solutions for velocity components in polar coordinates are expressed by the following expressions
The sphere is modeled in the same way as in Example 2. Table 4 shows solutions inside the cross-section x 1 = x 3 , x 2 = 1.0 for the non-zero components of the velocity field u 1 , u 2 . Table 3 shows the convergence of the solution for the same topologies of collocation points and selected terms in the series (55) as chosen in Example 2. We can observe that the increase of the number of collocation points improves the results. However, the accuracy is also affected by the choice of terms in the series marked by the variants A-I. Nevertheless, with the significant increase in the number Table 3 The impact of the number of collocation points and terms selected from series (55) on the convergence of solutions for Example 2
Number
Total number of Error norm L 2 of solutions in PIES for variants of collocation algebraic arbitrarily selected terms of the series specified in Table 2 points of collocation points, it was noted that the stability of the results was also influenced by the optimal location of the collocation points. However, additional extensive research is required to improve the stability of the solutions for a greater number of collocation points.
Conclusions
The paper presents the modification of the classical BIE for the Stokes equation in 3D to analytically include in its mathematical formalism the boundary representation with parametric patches and demonstrates the application of Bézier surfaces for the boundary description in 3D. This seems to be a promising alternative to traditional mesh generation procedures known from element methods. Furthermore, the parametric description of the geometry by Bézier patches in PIES is essential to include the demonstrated procedure into a real computer-aided design environment, where the design structures are usually represented in parametric form. The presented results show that the proposed boundary representation with PIES is successful in solving the boundary value problems on the example of the Stokes equation. For the representation of the solution on the boundary in PIES, we used a generalized Chebyshev series of one variable. In the case of approximation of solutions for rectangular patches, such a generalization of a Chebyshev series is very simple, as you can deploy the same number of collocation points in every direction. In the case of the triangular patches it is more problematic, as discussed in the paper. This requires the elimination of some terms from the Chebyshev series, adjusting the number of unknown coefficients for the collocation points over triangular parametric space. We also note that the stability of the results is related to the arrangement of the collocation points in the triangular parametric domain. However, it requires further extensive research.
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Appendix A: Numerical solution of PIES for 3D Stokes problem
In order to numerically solve formula (56), the pseudospectral method is used [30] . After applying (56) at the collocation points on each of the surface patches of the boundary, we obtain the system of algebraic equations from which we find values of the unknown coefficients u (pt) r and f (pt) r from (55). The collocation points are posed in the parametric reference (triangular or rectangular) domain v, w belongs to individual patches of the boundary. They can be placed at the roots of the Chebyshev polynomials in order to obtain the most accurate solutions, as shown by earlier studies [19] . The collocation points are defined in the parametric space domain v, w of every patch. The arrangement of collocation points in parametric space for rectangular and triangular patches are illustrated in Fig. 7 .
The number of used collocation points is related directly to the number of terms in series (55), which approximate boundary functions. For rectangular patches, we assume that these points are formed in a regular structure as a Cartesian product of one dimensional grids of points defined by N rows and M columns. Their arrangement for N = M = 2 and N = M = 3 is shown in Fig. 7a, b . It is also possible to use more collocation points and also for a variant with N = Mas well as introduce their different number for each surface of the boundary. For the adopted values of N and Mat each patch, the series (55) are generated with terms represented by the Cartesian product of one-dimensional Chebyshev polynomials up to degree N − 1 and M − 1.
This procedure for forming collocation points may also be used in the case of triangular patches, but requires some modifications. This is due to the fact that triangular patches are related with triangular parametric space where the collocation points must be arranged as shown in Fig. 7c, d . Additionally, the number of these points and terms in series (55) is no longer defined by multiplying the number of columns and rows as for rectangular patches. This is reflected in the formula (55), through the arbitrary choice of series terms that their number corresponds to the declared number of collocation points, with ensuring symmetry-degree polynomials.
For both rectangular and triangular patches, the collocation points are arranged corresponding to the roots of the Chebyshev polynomials of the second degree This arrangement is, as shown in Fig. 7 , characterized by their denser distribution on the edges. In the case of the plane of symmetry of the triangle by virtue of Chebyshev distribution further they moved away from the diagonal points of a triangle.
After writing down (56) at the collocation pointsv 1, 2, ..., n) , we obtain the system of algebraic equations in the following form H u = Gp.
(A.1) 
Regular integrands
In the case of l = j in (B.1) and (B.2), the surface integrals are regular. To evaluate regular integrands defined over rectangular patches, standard Gauss-Legendre quadrature is used [31] . We need to transform the physical domain of integration over rectangular surface patch to the parametric domain and then to the standard interval of the Gaussian coordinates.
In the case of integrals defined over the triangular patches, their values are also computed applying Gauss-Legendre quadratures with the transformation presented in [32] and written as
where ξ i , η j are Gaussian points in the ξ, η directions and w i , w j are the corresponding weights and s is the number of quadrature points.
Singular integrals
In the case of l = j in (B.1) and (B.2), both the collocation points as well as the numerical quadrature points lie within the same parametric domain of the same patch and kernels are strongly for matrix [h lr ] and weakly singular for matrix [g lj ], respectively. In the case of weak singularity in kernel (B.2), we isolate the singularity by introducing an additional polar transformation consisting of subdividing the local
